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1 Introduction
The quantization problem of toroidal pseudo-differential operators is to associate to
each function a(x, ξ) on the phase space Tn × Zn, an operator a(x, Dx ) on L2(Tn)
such that the coordinate functions correspond to the operator D j and x j , and such
that the properties of the functions a(x, ξ) (positivity, boundedness, etc.) are reflected
in some sense in the properties of the operators a(x, Dx ). The first general quantiza-
tion procedure, (in pseudo-differential operators theory) and in many ways still the
most satisfactory one, was proposed by Weyl (see [8]) not long after the invention
of quantum mechanics. In 1979 Agranovich (see [1]) proposed, crediting Volevich, a
global quantization of pseudo-differential operators (ψdos) on the unit circle S1. Of
course, the quantization was readily generalisable for any torus Tn .ψdos on the torus
are formally defined as
a(x, Dx ) f (x) =
∑
η∈Zn
ei2π〈x,η〉a(x, η) f̂ (η), (1.1)
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where a(x, η) is the symbol of a(x, Dx ). Symbols are classified according to their
size and the size of their derivatives. The simplest classification is motivated by the
study of elliptic differential operators: given m ∈ R, 0 ≤ ρ, δ ≤ 1, we say that
a ∈ Smρ,δ(Tn × Zn) [((ρ, δ)− symbol classes] if
∀α, β ∈ Nn, ∃Cα,β > 0, |
αξ ∂βx a(x, ξ)| ≤ Cα,β〈ξ 〉m−ρ|α|+δ|β|. (1.2)
It is a non trivial fact, however, that the definition of pseudo-differential operator on
a torus given by Agranovich and Hörmander are equivalent. McLean (see [9]) prove
this for all the Hörmander classes Smρ,δ(Tn × Zn). Pseudo-differential operators on
L p(Tn)−spaces have been studied by Wong, Ruzhansky, Molahajloo, and Delgado [4,
10,16,22]. In this paper we investigate the weak (1,1) continuity of toroidal operators
with symbols in the Hörmander class S01,δ(Tn × Zn). The main result of this paper is
the following:
Theorem I Let p(x, ξ) ∈ S01,δ(Tn ×Zn), 0 ≤ δ < 1. Then the corresponding pseudo-
differential operator is of weak type (1,1), i.e, for any λ > 0
μ({x ∈ Tn : |p(x, Dx )u(x)| > λ}) ≤ C
λ
‖u‖L1(Tn), (1.3)
where μ is the Lebesgue measure on Tn .
As a consequence of the previous theorem and using the pseudo-differential calculus
recently developed in the works of Ruzhansky and Turunen, (see [16]) we obtain:
Theorem II Let p(x, ξ) ∈ S01,δ(Tn × Zn), 0 ≤ δ < 1. Then, p(x, Dx ) : L p(Tn) →
L p(Tn) is a bounded linear operator for 1 < p < ∞.
The previous theorem has already been proved in [10] for δ = 0. Pseudo-differential
operators with symbols in S01,δ(Rn × Rn) are bounded on L p(Rn), 1 < p < ∞,
(see [18]). Moreover, in Nagase [13,14], has obtained L p-boundedness theorem for
the operators which have symbols of generalized class of S01,δ(Rn × Rn). In these
paper the L p-boundedness theorems for p ≥ 2 are proved under the assumptions that
the symbols are only up to k = [ n2 ] + 1 differentiable and satisfy some additional
conditions.
We now describe the contents of the paper in more detail. Section 2 provides some
background on pseudo-differential operators on Rn and the torus. In Section 3, we
focus on L2(Tn)-boundedness of operators in 0ρ,δ(Tn × Zn). The paper ends with
the Sect. 4 where we consider symbols in S01,δ and we prove the weak type (1,1)
inequality of the corresponding pseudo-differential operators.
2 Preliminaries
We use the standard notation of pseudo-differential operators (see [16]). The Schwartz
space S(Zn) denote the space of functions φ : Zn → C such that
∀M ∈ R, ∃CM > 0, |φ(ξ)| ≤ CM 〈ξ 〉M , (2.1)
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where 〈ξ 〉 = (1 + |ξ |2) 12 . The toroidal Fourier transform is defined for any f ∈
C∞(Tn) by f̂ (ξ) = ∫ e−i2π〈x,ξ〉 f (x)dx, ξ ∈ Zn . The inversion formula is given by
f (x) = ∑ ei2π〈x,ξ〉û(ξ), x ∈ Tn . The periodic Hörmander class Smρ,δ(Tn×Rn), 0 ≤
ρ, δ ≤ 1, consists of those functions a(x, ξ) which are smooth in (x, ξ) ∈ Tn × Rn
and which satisfy toroidal symbols inequalities
|∂βx ∂αξ a(x, ξ)| ≤ Cα,β〈ξ 〉m−ρ|α|+δ|β|. (2.2)
Symbols in Smρ,δ(Tn ×Rn) are symbols in Smρ,δ(Rn ×Rn) (see [7,16]) of order m which
are 1-periodic in x . If a(x, ξ) ∈ Smρ,δ(Tn ×Rn), the corresponding pseudo-differential
operator is defined by
a(X, Dx )u(x) =
∫
Tn
∫
Rn
ei2π〈x−y,ξ〉a(x, ξ)u(y)dξdy. (2.3)
The set Smρ,δ(Tn × Zn), 0 ≤ ρ, δ ≤ 1, consists of those functions a(x, ξ) which are
smooth in x for all ξ ∈ Zn and which satisfy
∀α, β ∈ Nn, ∃Cα,β > 0, |
αξ ∂βx a(x, ξ)| ≤ Cα,β〈ξ 〉m−ρ|α|+δ|β|. (2.4)
The operator 
 is the difference operator defined in [16]. The toroidal operator
with symbol a(x, ξ) is defined as
a(x, Dx )u(x) =
∑
ξ∈Zn
ei2π〈x,ξ〉a(x, ξ )̂u(ξ), u ∈ C∞(Tn). (2.5)
The corresponding class of operators with symbols in Smρ,δ(Tn × Zn) (resp.
Smρ,δ(Tn × Rn)) will be denoted by mρ,δ(Tn × Zn), (resp. mρ,δ(Tn × Rn)). There
exists a process to interpolate the second argument of symbols on Tn ×Zn in a smooth
way to get a symbol defined on Tn × Rn .
Theorem 1 Let 0 ≤ δ ≤ 1, 0 < ρ ≤ 1. The symbol a ∈ Smρ,δ(Tn ×Zn) if only if there
exists a Euclidean symbol a′ ∈ Smρ,δ(Tn × Rn) such that a = a′|Tn×Zn . Moreover, we
have
mρ,δ(T
n × Zn) = mρ,δ(Tn × Rn).
Proof The proof can be found in [9,16]. unionsq
A key ingredient in proving Theorem II is the following result.
Lemma 1 Let 0 ≤ δ < ρ ≤ 1. Let a(x, D) be an operator with symbol
a(x, ξ) ∈ Smρ,δ(Tn × Zn). Then, the adjoint a∗(x, D) of a(x, D), has symbol
a∗(x, ξ) ∈ Smρ,δ(Tn × Zn). The symbol a∗(x, ξ) has the following asymptotic expan-
sion:
σ ∗(x, ξ) ≈
∑
α≥0
1
α!

α
ξ D
(α)
x σ(x, ξ). (2.6)
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Moreover, if n0 ∈ N, then
σ ∗(x, ξ) −
∑
|α|<n0
1
α!

α
ξ D
(α)
x σ(x, ξ) ∈ Sm−n0(ρ−δ)ρ,δ (Tn × Zn). (2.7)
Proof The proof can be found in [16]. unionsq
We denote the norm of L p(Tn) by ‖ · ‖L p(Tn) and denote by B(L p) the space of
bounded linear operators on L p(Tn). Let Hs,p(Tn) denote the Sobolev space of order
(s, p), s ∈ R, 1 < p < ∞ with norm ‖ · ‖(s,p) defined by
‖u‖ps,p =
∫
Tn
|〈Dx 〉su(t)|p dt. (2.8)
where 〈Dx 〉s is the pseudo-differential operator with symbol 〈ξ 〉s . To an operator
p(X, Dx ) with symbol p(x, ξ) ∈ Smρ,δ(Rn × Rn) (see, [8,16,21]) corresponds a
Schwartz kernel K ∈ D′(Rn × Rn).K is given as a oscillatory integral
K (x, y) =
∫
Rn
p(x, ξ)ei2π〈x−y,ξ〉dξ. (2.9)
If ρ > 0, then K is C∞ off the diagonal in Rn ×Rn, (see [18]). Moreover, there exists
a constant C such that
|Dβx,y K (x, y)| ≤ C |x − y|−k, (2.10)
where k > 1
ρ
(m + n + |β|). We want to investigate the weak (1,1) continuity of
pseudo-differential operators p(x, Dx ) with p(x, ξ) ∈ S01,δ(Tn × Zn). This requires
the following propositions whose proof can be found in [5,16,18].
Proposition 1 If p(x, ξ) ∈ Sm1,δ(Rn × Rn), then the Schwartz kernel K of p(X, Dx )
satisfies
|Dβx,y K (x, y)| ≤ C |x − y|−n−m−|β| (2.11)
provided m + |β| > −n.
Proposition 2 Let p(x, ξ) ∈ S01,δ(Rn ×Rn) and K the Schwartz kernel of p(X, Dx ).
There is a M > 0 such that, for any t > 0, If |y| ≤ t, x0 ∈ Rn,
∫
|x |≥2t
|K (x, x0 + y) − K (x, x0)| ≤ M. (2.12)
Lemma 2 (Calderón-Zygmund covering lemma). Let u ∈ L1(Rn) and λ > 0. Then,
there exists v,wk ∈ L1(Rn) and disjoint cubes Qk, 1 ≤ k < ∞, with centers xk, such
that, supp(wk) ⊂ Qk and
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(1) u = v + ∑
k
wk, ‖v‖L1 +
∑
k
‖wk‖L1 ≤ 3‖u‖L1
(2) |v(x)| ≤ 2nλ
(3) ∫Qk wk(x)dx = 0
(4) ∑μ(Qk) ≤ 1λ‖u‖L1(Rn).
The proof of Theorem 5 depends on the following result due to Kolmogorov.
Lemma 3 Given an operator S which is weak (1,1), 0 < v < 1, and a set E of finite
measure, there exists a C > 0 such that
∫
E
|S f (x)|v dx ≤ Cμ(E)1−v‖ f ‖L1(Rn). (2.13)
3 L2-Boundedness
In this section we prove that operators with symbols in S0ρ,δ(Tn ×Zn) are bounded on
L2(Tn) when ρ > δ.
Theorem 2 Let 0 ≤ δ < ρ ≤ 1. If p(x, ξ) ∈ S0ρ,δ(Tn × Zn). Then p(x, Dx ) is
bounded in L2(Tn).
Proof Assume first that p(x, ξ) ∈ S−n−1ρ,δ (Tn × Zn). The kernel of p(x, D) satisfies
|k(x, y)| =
∣∣∣∣∣∣
∑
ξ∈Zn
ei2π〈x−y,ξ〉 p(x, ξ)
∣∣∣∣∣∣
≤
∑
ξ∈Zn
|p(x, ξ)| ≤
∑
ξ∈Zn
C〈ξ 〉−n−1.
Hence, supx∈Tn
∫ |k(x, y)|dμ(y) , supy∈Tn
∫ |k(x, y)|dμ(x) < ∞ and the L2(Tn)−
continuity follows from Schur lemma.
Next we prove by induction that p(x, Dx ) is L2-bounded if p(x, ξ) ∈ Skρ,δ(Tn ×
Z
n), k ≤ −(ρ − δ). To do so we form for u ∈ C∞(Tn)
‖p(x, Dx )u‖L2(Tn) = 〈p(x, D)u, p(x, D)u〉
= 〈p∗(x, D)p(x, D)u, u〉
= 〈b(x, D)u, u〉
where b(x, D) = p∗(x, D)p(x, D) has symbol in S2kρ,δ(Tn × Zn). From the first part
of the proof the continuity of p(x, D) for all p ∈ S2kρ,δ now follows successively for
k ≤ − n+12 , k ≤ − n+14 , · · · , hence for k ≤ −(ρ − δ) after a finite number of steps.
Assume that p(x, ξ) ∈ S0ρ,δ(Tn × Zn) and chose M > 2‖p(x, ξ)‖2L∞(Tn×Zn), then
c(x, ξ) = (M − |p(x, ξ)|2)1/2 ∈ S0ρ,δ. Now,
c(x, D)∗c(x, D) = M − p∗(x, D)p(x, D) + r(x, D)
where r ∈ S−(ρ−δ)ρ,δ . Hence, ‖p(x, D)‖B(L2) ≤ M + ‖r(x, D)‖B(L2). unionsq
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Corollary 1 Let 0 ≤ δ < ρ ≤ 1 and σ(x, ξ) ∈ Smρ,δ(Tn × Zn). Then, the operator
σ(x, D) : Hs,2(Tn) → Hs−m,2(Tn) is bounded.
Proof Apply Theorem 2 to the ψdo 〈Dx 〉sσ(x, D)〈Dx 〉−s−m with symbol of order
zero. unionsq
4 Weak continuity and L p-boundedness
Our main goal in this section is to prove the following:
Theorem 3 Let p(x, ξ) ∈ S01,δ(Tn × Zn), 0 ≤ δ < 1, then, the pseudo-differential
operator p(x, D) is of weak type (1, 1).
Proof Fix λ > 0 and f ∈ C∞(Tn) ⊂ L1(Tn). f can be identified with a function
f˜ ∈ L1(Rn), ( f˜ = f · χTn ). We now decompose f as the sum of two functions v
and w = ∑wk as in the Calderón-Zygmund covering Lemma. Since p(x, D) f =
p(x, D)v + p(x, D)w,
μ{x ∈ Tn : |p(x, D) f (x)| > λ}
≤ μ
{
x ∈ Tn : |p(x, D)v(x)| > λ
2
}
+ μ
{
x ∈ Tn : |p(x, D)w(x)| > λ
2
}
By the Theorem 2, we estimate the first term:
μ
{
x ∈ Tn : |p(x, D)v(x)| > λ
2
}
≤ μ
{
x ∈ Tn : |p(x, D)v(x)|2 > λ
2
4
}
≤ 4
λ2
∫
Tn
|p(x, D)v(x)|2dx
≤ 4
λ2
∫
Tn
|v(x)|2dx · C
≤ 4C · 2
n
λ
∫
Tn
|v(x)|dx ·
≤ C · 2
n+2
λ
‖v‖L1(Tn).
Let Q∗k be the cube concentric with Qk , enlarged by a linear factor 2n
1
2 , so,μ(Q∗k) =
2nn
n
2 μ(Qk). Let ∗ = ∪k Q∗k . Then,
μ
{
x ∈ Tn : |p(x, D)w(x)|> λ
2
}
≤μ(∗)+μ
{
x ∈ Tn −∗ : |p(x, D)w(x)| > λ
2
}
≤ 2
nn
n
2
λ
‖ f ‖L1(Tn) +
2
λ
∫
Tn−∗
|p(x, D)w(x)|dx .
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Now, |p(x, D)w(x)| ≤ ∑k |p(x, D)wk(x)|. Hence, to complete the proof of the
weak(1,1) inequality it will suffice to show that
∑
k
∫
Tn−∗
|p(x, D)wk(x)|dx ≤ C‖ f ‖L1(Tn). (4.1)
Applying Theorem 1 to the symbol p(x, ξ), we obtain p′(x, ξ) ∈ S01,δ(Tn ×Rn) such
that p(x, D) = p′(X, D). Then,
p(x, D)wk(x) = p′(X, D)wk(x) =
∫
Rn
∫
Tn
ei2π〈x−y,ξ〉 p′(x, ξ)wk(y)dydξ,
The operator p′(X, D) has Schwartz kernel k(x, y) = ∫
Rn
ei2π〈x−y,ξ〉 p′(x, ξ)dξ and
p′(X, D)wk(x) =
∫
Tn
k(x, y)wk(y)dy.
Hence, by the Proposition 2, there is M > 0, such that
∀t > 0, |y| ≤ t, x0 ∈ Tn,
∫
|x |≥2t
|k(x, x0 + y) − k(x, x0)|dx ≤ M.
For some tk > 0, we can arrange that Qk ⊂ {x : |x − xk | ≤ tk} and Yk = Tn − Q∗k ⊂{x : |x − xk | > 2tk}.
Now, we have
∫
Yk
|p′(X, D)wk(x)|dx =
∫
Yk
∣∣∣∣
∫
Tn
k(x, y)wk(y)dy
∣∣∣∣ dx
=
∫
Yk
∣∣∣∣
∫
Tn
[k(x, y) − k(x, xk)]wk(y)dy
∣∣∣∣ dx
≤
∫
Qk
∫
Yk
|k(x, y) − k(x, xk)|dx |wk(y)|dy
≤
∫
Qk
∫
|x−xk |≥2tk
|k(x, y) − k(x, xk)|dx |wk(y)|dy
≤ M
∫
Qk
|wk(y)|dy.
Therefore,
∑
k
∫
Tn−Q∗k
|p(x, D)wk(x)|dx ≤ M
∑
k
∫
Qk
|wk(y)|dy
≤ 3M‖ f ‖L1(Tn).
unionsq
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Interpolation between the weak(1,1) inequality and L2-boundedness allows us to
obtain the next L p boundedness.
Theorem 4 Let 0 ≤ δ < 1 and p(x, ξ) ∈ S01,δ(Tn × Zn). Then, p(x, Dx ) is boundedfrom L p(Tn) to L p(Tn) for 1 < p < ∞.
Proof Since a(x, D) is weak(1,1) and L2-bounded, by the Marcinkiewicz interpola-
tion Theorem we have the strong(p, p) inequality for 1 < p < 2. If 2 < p < ∞ we
apply the Lemma 1 and the result for p′ < 2:
‖p(x, Dx ) f ‖L p(Tn) = sup{|〈p(x, Dx ) f, g〉| : ‖g‖L p′ (Tn) ≤ 1}
= sup{|〈 f, p∗(x, Dx )g〉| : ‖g‖L p′ (Tn) ≤ 1}
≤ ‖p∗(x, Dx )‖B(L p′ )‖ f ‖L p(Tn).
unionsq
Corollary 2 Let 0 ≤ δ < 1 < p < ∞, and σ(x, ξ) ∈ Sm1,δ(Tn × Zn). Then, the ψdo
σ(x, D) : Hs,p(Tn) → Hs−m,p(Tn) is a linear bounded operator.
Proof Apply Theorem 4 to the ψdo 〈Dx 〉sσ(x, D)〈Dx 〉−s−m with symbol of order
zero. unionsq
Theorem 5 Let 0 < v < 1. If p(x, D) ∈ 01,δ(Tn × Zn), 0 ≤ δ < 1, then p(x, D)
is bounded from L1(Tn) into Lv(Tn).
Proof Apply Kolmogorov’s lemma (Lemma 3) to the ψdo p(x, D). unionsq
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